Introduction
The fundamental invariant of a Riemann surface is its genus. In this paper, using arithmetical means, we calculate the genus of certain Riemann surfaces de ned by unit groups in quaternion algebras.
First we recall a well-known general construction of Riemann surfaces.
The group SL 2 (R) acts on the upper half-plane H by M bius transformations. If G is a Fuchsian group, that is, a discrete subgroup of SL 2 (R), then it is possible to provide the quotient space GnH with the structure of a Riemann surface. A distinguished class of Fuchsian groups are the arithmetic ones. These are by de nition groups commensurable with unit groups in quaternion orders. The best known example of an arithmetic Fuchsian group is the modular group SL 2 (Z).
The genus of the (compacti cation of the) surfaces corresponding to certain subgroups of SL 2 (Z) is well investigated, see for example the rst chapter in 16] . A more general investigation can be found in 4], where the authors, among other things, derive a list of all congruence subgroups of SL 2 (Z), which give Riemann surfaces with genus equal to 0. Another related result is the determination of all arithmetic triangular groups in 17] .
In this paper, we will consider the case of orders in quaternion division algebras. This case contains all arithmetic Fuchsian groups, except those commensurable with SL 2 (Z). There exists a general formula for the genus in this case. However, the implementation of this was only known explicitly in the simplest case of maximal orders in algebras over Q. The main purpose of the paper is to generalise this to arbitrary orders in rational quaternion algebras and also to maximal orders in algebras over quadratic elds. As an application of these explicit formulas, we give complete lists of all such orders for which the genus is less than or equal to 2. In Section 1, we give the necessary background and some notations. The following two sections contain general formulas for the area of fundamental domains and the number of elliptic points, which are the ingredients in the genus formula. Section 4 contains auxiliary results on Bass orders, which we will need. In Section 5, we give a completely explicit formula for the genus of GnH, where G corresponds to an arbitrary order in a rational quaternion algebra. We also give a complete list of all orders in rational quaternion algebras for which the genus is less than or equal to 2. This is a complement to the list announced in 4] of all congruence subgroups of SL 2 (Z) with genus equal to 0. The last section contains the corresponding result for maximal orders in quaternion algebras over quadratic elds.
I would like to thank J. Brzezinski for helpful discussions and for carefully reading this manuscript and suggesting several improvements.
1. Background where e(m; G) is the number of elliptic points of order m on GnH.
In this paper, we will investigate the genus of GnH, when G is arithmetic. These groups are related to orders in quaternion algebras. Therefore, we rst give the necessary background on quaternion algebras.
Let K be a totally real algebraic number eld with ring of integers R and K : Q] = n. The subgroup of squares in R will be denoted by R 2 , and the group of totally positive units by R + . If p is a prime ideal in R, then K p will be the completion of K corresponding to p and R p the ring of integers in K p .
Let A be a quaternion algebra over K. It is always possible to nd a basis 1; i; i; ij of A over K satisfying i 2 = a; j 2 = b and ij = ?ji; where a; b 2 K : This algebra will be denoted by (a; b) K . There is a natural anti-involution in A, which in (a; b) K is given by x = x 0 + x 1 i + x 2 j + x 3 ij 7 ?! x = x 0 ? x 1 i ? x 2 j ? x 3 ij:
The (reduced) trace and (reduced) norm in A are de ned by Tr(x) = x + x and N(x) = x x.
We will assume that A is a division algebra, that is, A 6 = M 2 (K), and that A Q R = M 2 (R) H n?1 ; (1.3) where H is the Hamiltonian quaternion algebra. Another way to phrase the condition (1.3) is that exactly one of the n real completions of A gives the matrices M 2 (R). We will throughout the paper identify A with an embedding into M 2 (R) corresponding to this unique completion.
Let p be a prime ideal in R. Then A p := A K K p is a quaternion algebra over K p . It is well-known that A p is either isomorphic to M 2 (K p ) or to a unique division algebra, which we will denote by H p . The algebra is said to be rami ed at p if A p = H p , otherwise it is said to split at p. Let ( ; ) p be the Hilbert symbol at p. Then (a; b) K is rami ed at p i (a; b) p = ?1.
We de ne the discriminant d(A) of A to be the product of the prime ideals where it is rami ed.
An (R-)order O in a quaternion algebra A is a ring containing R, which is a nitely generated R-module, such that KO = A. The R-ideal generated by det(T r(x i x j )), where x 1 ; : : : ; x 4 
The second condition of (3.1) may seem to be very restrictive. However at least for orders in rational algebras, this is satis ed by all orders containing elliptic elements, see (5.8).
Fix S = K(x) \ O 2 and let S 1 S S 0 , where S 1 = R x] and S 0 is the maximal order in L = K(S). Here x is a generator of the x group of the elliptic point corresponding to S. It is well-known that there is an R-ideal f, such that S = R + f S 0 : Let p be a prime in R and de ne (p) = L (p) to be the Kronecker symbol, that is, which follows from (3.2).
We remark that the embedding numbers e (S p ; O p ) are known in great generality, see 2]. Finally, let S 1 = R x] = R + a S 0 be a minimal order containing an elliptic element x of order m. In order to get the number of elliptic points of order m, one has to sum over all S = R + f S 0 , such that fja and S does not contain elliptic elements of higher order than m. 4 from which we immediately derive the desired inequality. We conclude this section with a class number formula for non-maximal orders, which is analogous to the one in (3.2) for algebraic number elds.
(4.4) Proposition. Let 
Proof. The proof of the rst equality is the same as in the commutative case, see 13], (12.12) except for the complication that we need a group structure on the ideals. However, if A is not totally de nite, then the norm provides us with such a structure.
The second equality follows directly from (2.2) and (2.3).
Rational case
Let O be an arbitrary order in an inde nite rational quaternion algebra.
In this section, we will use the general formulas in Sections 2 and 3 to give an explicitly computable formula for the genus g of O 1 nH. We also give a complete list of all such orders for which g 2. First we recall a well-known correspondence between quaternion orders and ternary quadratic forms. Assume that R is a PID with eld of fractions K. Let f be a ternary quadratic form integral over R. Then the even Cli ord algebra, C 0 (f), is an order in a quaternion algebra A over K. Conversely is a ternary quadratic form integral over R. The With (4.4), (5.3) and (5.6) at hand, it is possible to determine the class number of any order in an inde nite rational quaternion algebra, since the class number of a maximal order M in this case satis es h(M) = 1, see 6].
We record here only the special case which will be needed below. where e (m; O p ) are the local embedding numbers given in Table 1 and The only thing that is left to get a completely explicit formula for the genus is a formula for the area of a fundamental domain. But from the results in Section 2 and (5.3), we get the following: As an application of these formulas, we give in Table 2 a complete list of all orders O with g = g(O 1 ) 2. The rst step is to nd all maximal orders satisfying this condition. This is easily done, and we get the 12 di erent maximal orders in Table 2 . Next we make the trivial observation,
. Since there is a very limited set of isomorphism classes of maximal suborders in a given order, it is easy to take successively such suborders until g 3.
(5.11) Remark. 1. The third column in Table 2 gives a quadratic form f, such that O = C 0 (f). The fourth and fth give the number of elliptic points of orders 2 and 3 and the sixth gives the genus. Table 2 have type number equal to 1. This is easily deduced using (4. Let S 1 S S 0 be as in Section 3. First we will determine the di erent possibilities for a, where S 1 = R + a S 0 . The three cases with elliptic elements of order higher than 3 all have S 0 = S 1 , so a = R. The proof of the corresponding result for the elliptic points of order 3 is completely analogous and we get: Finally we remark, that the factor in the cases of elliptic points of order higher than 3 is equal to 1 2 if d = 12 and 1 otherwise. This can be checked using (6.2), but it also follows from the fact that the genus is a non-negative integer.
All orders in
If we combine all the results in this section, we get a formula which only involves the calculation of the class number of imaginary quadratic elds and determination of the splitting of primes in K(i) and K( ). We have implemented this using PARI, and we conclude the paper with a complete list of all (maximal) orders with g 2.
(6.5) Proposition. The list in Table 3 is complete.
Proof. It is easy to check, that if there is an algebra over K with g 2 for a maximal order, then there is an algebra over K rami ed at only one prime with g 2. We will rst assume that d(A) = p is prime. Once we have a complete list of all algebras with prime discriminant, then it is not di cult to nd the few algebras with non-prime discriminant.
We 18 algebras) in the list, which are rami ed at 3 primes. The observant reader has of course noticed, that all algebras in Table 3 which are rami ed at 3 primes have genus equal to 1. In fact, in all cases of algebras rami ed at more than one prime that we have checked, the genus is odd. This includes several thousands of algebras rami ed at 3 
